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In this thesis, a new ultrasonic measurement setup for the detection of micro-scale dam-
age in cement based materials is proposed and analyzed. The idea is to use the nonlinear
phenomenon of wave mixing to characterize third order elastic behavior of a material. By
wave mixing, the nonlinear interaction between two ultrasound waves creating a third reso-
nant wave inside a material is meant. The amplitude of this third wave is dependent on the
third order nonlinear constants of a material, which in turn are influenced by micro-scale
damage inside the material structure. Furthermore, a nonlinear technique is especially
needed in the case of attenuative materials, which prevent the use of higher frequencies to
get good resolution with linear approaches. Recent measurement results using a wave mix-
ing technique are designed in a fixed setup to evalute a single point inside the material or
scan line regions by moving the ultrasonic equipment. This limitation originates from the
use of common ultrasonic transducer elements generating an ultrasound wave at a fixed an-
gle by using the refraction of wedges. As a remedy to this limitation, phased arrays can be
used as a source for the incident waves instead. Thus, having the advantage to change the
beam angle without changing the physical measurement configuration. Two phased arrays
are used on one side of the specimen to generate incident shear waves. If the the beams
intersect inside the material at a point fulfilling certain mixing conditions, a longitudinal
resonant wave is generated which amplitude is proportional to the amount of nonlinearity
inherent to the mixing volume. This resonant wave can be measured by a receiver on the
other side of the material to asses, e.g., micro-crack density in the mixing volume.
In this thesis, necessary and sufficient conditions for this non-collinear shear wave mix-
ing are derived. Furthermore, the basic laws for beam steering with phased arrays are
explained and the mixing volume is modeled. Finally, advantages and limitations of this
measurement technique as well as design specifics for the practical construction of a mea-





Detecting distributions of micro-cracks in cement based materials is important for life-
time prediction of structures. Achieving this task with ultrasonic testing through linear
ultrasonic techniques is hindered by resolution limits determined by the wavelength, with
shorter wavelengths exhibiting higher attenuation of waves in concrete materials, as well
as scattering effects. Different research [1–3] identifies especially small defects, detectable
through the quadratic nonlinear response, relevant for early detection of fatigue and dislo-
cation damage. Whereas larger cracks, detectable by linear methods, appear more close to
the end of the lifespan of structures.
Another problem, is the ability to systematically scan a volume of a large structure in a
short time. This is hard to achieve by single transducer methods, which involve time con-
suming precise movements of the ultrasound equipment around multiple locations. In the
recent years, measurement techniques using phased arrays instead of single transducer ele-
ments are gaining more and more attention, as the equipment gets more affordable and they
find their way into industrial applications. An ultrasonic array consists of multiple trans-
ducers, which can be separately controlled for firing ultrasonic pulses at different instances
in time to generate an arbitrary pressure field. This gives them the advantage to conduct
different measurements without changing the measurement setup, such as beam steering
and beam focusing or combinations thereof [4]. Full matrix capture (FMC) in combination
with the Total Focusing Method (TFM) [5] is one of the most popular techniques in the lat-
est research, representing the current benchmark standard regarding the imaging resolution
among linear techniques using phased arrays. In order to gather information about finer
2
structural defects and their location, nonlinear techniques can be employed [6].
1.2 Goals
In this thesis, a measurement technique using non-collinear shear wave mixing to measure
the nonlinearity at different points in a cement based structure is proposed. Two phased
arrays are used to create coplanar shear wave beams at an angle, which cross inside the
specimen in an interaction volume. Under certain conditions (frequency of incident waves
and angles) a resonant wave is generated, due to the nonlinearity of the material. This
phenomenon was first described by G.L. Jones and D.R. Kobett in [7] and experimentally
verified by F.R. Rollins [8]. The ratio of the resonant wave amplitude to the incident wave
amplitudes can be used as a relative measure of nonlinearity inside the material called
the relative acoustic nonlinearity parameter βrel. For the purpose of these measurements,
a setup with two phased arrays on one side of the material and an air coupled, movable
receiving transducer on the other side is analyzed. Thus, giving the advantage to use beam
steering with the arrays, in order to scan different points, as opposed to an approach using
single transducers on wedges, which have to be moved in order to scan points along a line.
It was shown [9, 10], that the nonlinear property of the material changes at the locations
with higher micro-crack density, which are filled with air or gel. This provides an indirect
measure to find aggregations of cracks and can serve as an indicator for the lifetime predic-
tion of a material.
1.3 Thesis outline
In Chapter 2, the basic constitutive equations for nonlinear elasticity and the nonlinear wave
equation are derived. This is continued by an explanation of the wave mixing phenomenon
as a possible solution to the nonlinear wave equation and stating the general necessary
and sufficient conditions for the occurrence of a resonant or scattered wave. To conclude,
related work in the field of wave mixing for non-destructive evaluation (NDE) is presented.
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In Chapter 3, the proposed measurement setup is introduced. The equations from chap-
ter 2 are used to derive the relevant equations for the here presented application. Further-
more, the use of wave pulses with a finite amount of cycles instead of continuous wave
beams is modeled. To conclude, a short summary on work related to the modeling of
cracks and an overview of different acoustic nonlinearity parameters is given.
In Chapter 4 simulative results are used to analyze different aspects to be considered
for this approach.
Finally, Chapter 5 concludes the analysis of the presented measurement technique and




In this chapter, an overview of the necessary background theory for the described appli-
cation is given. For further reading on nonlinear elasticity the books [11, 12] are recom-
mended. The effect of nonlinearity on wave propagation is discussed in [13–15].
2.1 Nonlinear elasticity
In order to describe the nonlinear phenomena and derive the respective equations for the
measuring methods used in this thesis, a background in nonlinear elasticity is mandatory.
The here used derivation partly follows [13]. First, the basic continuum mechanical nota-
tion to describe all particles is introduced. In Figure 2.1 the reference B0 and deformed
Bt state of a continuum is shown. The distinction betwen capital letters for the Lagrangian
and lower case letters for Eulerian description is important. X describes a unique label for
a particle in the reference configuration (also called Lagrangian description), whereas the
lower case letter x describes a position in the deformed configuration (also called Eulerian
description). This also defines the frames to which derivatives refer, e.g., ’Grad’ for gra-
dient in Lagrangian and ’grad’ for gradient in Eulerian coordinates. These two description
are mapped by a function
x = χ(X, t). (2.1)















Reference frame Current frame
B0
Bt
Figure 2.1: Reference and current configuration of a continuum.
The displacement of a particle can be written as
u = x−X = χ(X, t)−X (2.3)













denotes the Kronecker delta. An introduction to the index notation can be found in [14, 16]
or many other common books on continuum mechanics. In the following, index notation
is used where it is beneficial for the understanding and summation over repeated indices
according to the Einstein summation convention is implied. Further, the strain tensor in
6




(FkiFkj − δij). (2.6)



























which is the well known expression for the Green/Engineering-strain in the Lagrangian
form, when neglecting the quadratic term for small displacements u.
Nonlinear elasticity can be seen from an energy standpoint of view by stating the strain
energy density function as a Taylor series approximation






CijklmnEijEklEmn + . . . , (2.8)
with coefficients C0 = 0 and Cij = 0, to get 0 energy and a minimum at Eij = 0, thus
resulting in a typical positive definite energy function. To establish a constitutive relation-
ship, the first Piola-Kirchhoff stress tensor is introduced and has the following definition in







The Piola-Kirchhoff stress is used, because it is a two-point tensor relating forces in the
current configuration to surface areas in the reference configuration. Similarly F is a two
point tensor relating Lagrangian and Eulerian quantities, whereas the commonly known
Cauchy stress tensor is an Eulerian description with surface areas in the Bt configuration.
7





to the first Piola-Kirchhoff stress. For further derivations only two-point tensors are used
and all spatial derivatives can be carried out in the Lagrangian coordinates. Plugging
equation (2.8) in equation (2.9) and carrying out the derivative, then using equations (2.4)












+ . . . , (2.11)
where Cijkl is the usual stiffness tensor comprised of the second order elastic constants and
Mijklmn = Cijklmn + Cijlnδkm + Cjnklδim + Cjlmnδik, (2.12)
with Cijklmn comprised of the third order elastic constants (TOE). The entries of the fourth
order tensor Cijkl can be reduced to 21 by using the symmetries
Cijkl = Cjikl = Cijlk, (2.13)
Cijkl = Cklij, (2.14)
which result from the symmetry of the strain tensor Eij = Eji in equation (2.6) and the
fact that the strain energy density equation (2.8) is scalar valued. A similar argument can
be made for the TOE Cijklmn. In the course of the here presented application, the inspected
solid is assumed to be isotropic. Isotropy means that the elastic properties of a solid are
independent of its orientation. This leads to simplified expressions for the tensors in equa-
8
Table 2.1: Relationship between Murnaghan constants and elastic parameters by Landau
and Lifshitz.
Murnaghan l = B + C m = A/2 +B n = A
Landau & Lifshitz A = n B = m− n/2 C = l −m+ n/2
tion (2.11)
Cijkl = λδijδkl + µ(δikδjl + δilδjk),
Cijklmn = 2(l −m+ n/2)δijδklδmn
+ 2(m− n/2)(δijIklmn + δklImnij + δmnIijkl)






with Lamé parameters λ and µ and Murnaghan constants l,m and n introduced by Mur-
naghan in [12]. In literature, it is also common to express the TOE in terms of elastic
constants A,B and C introduced by Landau and Lifshitz in [11]. The relationship between
these elastic parameters is shown in table 2.1.
2.2 The nonlinear wave equation
The basic law of the motion of particles in continuum mechanics, often called Newton’s










Here the term on the left hand side is the change in linear momentum with density ρ, the
first term on the right hand side is the integral of surface forces with unit normal n̂ of the
surface considered and the second term on the right hand side represents the integral over
the gravitational body forces b0 per unit volume. In this case all integrals are computed in
Lagrangian coordinates X , however the resulting forces and change in linear momentum
9
is in the current configuration due to the use of two-point tensors. By the use of Gauss’s
divergence theorem, the surface force term in equation (2.16) can be rewritten as a volume














ρχ̈(X, t)− Div(P )− b0
)
dV = 0
⇒ ρχ̈(X, t) = Div(P ) + b0
(2.18)
which is called the equilibrium equation in continuum mechanics. For the considered appli-
cation with wave propagation in solid materials, gravitational body forces can be neglected.










= χ̈(X, t). (2.19)
Using equation (2.19) and the expression from equation (2.11) for the first Piola-Kirchhoff


















































































This is the nonlinear wave equation used in [7, 17] to derive the solution for second order
nonlinear interaction of plane waves, also called wave mixing. For Gi(u) = 0 equa-
tion (2.20) is the well-known linear homogeneous wave equation.
2.3 Wave mixing
In the case of a linear systems the superposition principle is one of the most important
concepts, allowing linear combination of solutions to a differential equation to be solutions
themselves. For the case of linear elasticity, two ultrasound waves would propagate through
a solid without interacting with each other and the solution would be a linear superposition
of both waves. However, when considering nonlinear elastic properties of a material, differ-
ent types of self and cross interaction between the two waves can occur. These interactions
were first described by G.L. Jones and D.R. Kobett [7] and experimentally validated by
F.R. Rollins [8]. In order to find a solution for equation (2.20) the solution is considered to
consist of two parts
u = u(h) + u(p), (2.22)
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with u(h) being a solution to the linear homogeneous wave equation and u(p) being a small
perturbation (‖u(p)‖  ‖u(h)‖) as a correction to fulfill equation (2.20) for Gi(u) 6= 0. As
the interaction of two monochromatic incident waves is of interest
u(h)(X, t) = U (1) cos(ω1t− k(1) ·X) +U (2) cos(ω2t− k(2) ·X), (2.23)
with angular frequencies ω1, ω2 of the incident waves is considered as a solution to the
homogeneous wave equation Li(u(h)) = 0. With wave amplitudes
U (1) = U (1)Û (1), U (2) = U (2)Û (2), (2.24)
where U (1), U (2) are the absolute values and Û (1), Û (2) are the unit vectors in the direction
of the wave amplitudes. And wave vectors
k(1) = k(1)k̂(1), k(2) = k(2)k̂(2), (2.25)
where k(1) = ω1/cl/t, k(2) = ω2/cL/T are the wavenumbers (cL/T to be replaced by the
respective wave velocity) and k̂(1), k̂(2) are the unit vectors in the propagation directions.
A sketch of all relevant quantities is shown in figure 2.2. Using the ansatz from equa-
tion (2.22) in equation (2.20) results in
Li(u
(h) + u(p)) = Gi(u
(h) + u(p))
⇔ Li(u(h)) + Li(u(p)) = Gi(u(h)) +Gi(u(p)),
(2.26)
with Li(u(h)) = 0 by definition as it is a solution to the homogeneous equation, and
Gi(u










Figure 2.2: Mixing of two incident waves, with frequencies ω1, ω2, ω±, wave vectors
k(1),k(2),k±, displacement vectors U (1),U (2),U± and mixing angle ∆θ.





















(h)) =b+i sin(ω+t− k+ ·X)
+b−i sin(ω−t− k− ·X)
(2.28)
as the excitation term on the right hand side, consisting of two harmonic terms, with
ω+ = ω1 + ω2, ω− = ω1 − ω2
k+ = k(1) + k(2), k− = k(1) − k(2).
(2.29)
13










(Û (1) · Û (2))(k(2) · k(2))k(1) ± (Û (1) · Û (2))(k(1) · k(1))k(2)
+(Û (2) · k(1))(k(2) · k(2))Û (1) ± (Û (1) · k(2))(k(1) · k(1))Û (2)






± (Û (1) · Û (2))(k(1) · k(2))k(1) + (Û (1) · Û (2))(k(1) · k(2))k(2)












(Û (2) · k(2))(Û (1) · k(2))k(1) ± (Û (2) · k(1))(Û (1) · k(1))k(2)










where the (λ − n
2
+ m)-term has been added for completeness, which characterizes self
interactions of the primary waves. Equation (2.30) can be noticeably reduced to a smaller
number of terms for the consideration of single cases, as presented later in section 3.1 for





i sin(ω+t− k+j Xj) + a−i sin(ω−t− k−j Xj), (2.31)
where a±i are amplitude vectors dependent on the specified right hand side b
±
i . For simplic-
ity, the interaction of two incidence waves can always be observed in the 2D (i = {1, 2})
plane formed by their respective propagation direction vectors k̂(1) and k̂(2). This makes the
derivation of the necessary and sufficient frequency and angle conditions for wave mixing
simpler without loss of generality. Using equation (2.31) in equation (2.27) and calculating
14











a± = b±, (2.32)
with














s± = (c2L − c2T )k±1 k±2 .
(2.33)
In order to produce a resonance wave, the solution of equation (2.32) must not exist and
the form in equation (2.31) no longer applies. Instead, the amplitude of the solution is
proportional to the size of the interaction volume, which gives rise to the name resonance
or scattered wave. The sufficient and necessary conditions resulting from equation (2.32)
are




















rank(A+|b+) 6= rank(A+) or rank(A−|b−) 6= rank(A−) (2.36)
respectively. Where equation (2.35) means that there is no trivial solution to equation (2.32)
and equation (2.36) additionaly ensures that b± is not in the span ofA±. These conditions
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n̂− k± = 0 (2.37)
mentioned in [7]. Meaning, for a resonance solution to exist, there has to be one unit normal
vector n̂, such that equation (2.37) is fulfilled. Here cL or cT and k+ or k− has to be chosen
according to the expected resonant wave. From the absolute value of equation (2.37) a









































is formulated. Here a = ω2/ω1 as the frequency ratio, ∆θ as the angle between the wave
vectors and c(1), c(2), c(r) have to be replaced by the respective incident and considered res-
onant wave velocities for the used material (same notation as in figure 2.2). In addition,
this gives a condition on the range of the frequency ratio a as −1 < cos(∆θ) < 1. This
is summarized in table 2.2 adopted from Jones [7], which states the respective angle and
frequency conditions. By specifying the type of incident waves, longitudinal or shear, and
for shear waves the type of polarization, horizontal or vertical, the coefficients in equa-
tion (2.30) can be calculated and equation (2.27) can be solved in the individual cases. In
general, 54 different interactions with different types of waves can be considered, how-
ever only 10 of them lead to physically possible results as presented in table 2.3 which is
adopted from [17]. The seminal paper by Jones and Kobbet [7] considered all of the eight
noncollinear interactions. However, the polarization of the shear waves is not specified in
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Table 2.2: Resonance conditions for non-collinear interaction of different wave types,
adopted from [7] with a = ω2/ω1 and c = cT/cL.





T (ω1)− T (ω2) L(ω+) k+ c2 + [(c2 − 1)(a2 + 1)/2a] 1−c1+c < a < 1+c1−c
L(ω1)− L(ω2) T (ω−) k− 1/c2 + [(c2 − 1)(a2 + 1)/2ac2] 1−c1+c < a < 1+c1−c
L(ω1)− T (ω2) L(ω+) k+ c+ [a(c2 − 1)/2c] 0 < a < 2c1−c
L(ω1)− T (ω2) L(ω−) k− c+ [a(1− c2)/2c] 0 < a < 2c1+c
L(ω1)− T (ω2) T (ω−) k− 1/c+ [(c2 − 1)/2ac] 1−c2 < a < 1+c2
Table 2.3: Possible resonant wave interactions, adopted from [17]. For x (interaction for
a certain range of angles), x̄ (interaction for a certain range of angles and antilinear) and
= (collinear), interaction is possible. For O (due to polarization) and ’ ’ space (due to no
feasible resonance condition solution), no interaction is possible.
Resonant wave
ωr = ω1 + ω2 ωr = ω1 − ω2
N Incidence waves L SV SH L SV SH
1 L(ω1) and L(ω2) = = x̄ O
2 L(ω1) and SV (ω2) x̄ x x̄ O
3 SV (ω1) and L(ω2) x
4 SV (ω1) and SV (ω2) x̄ O O O O
5 SH(ω1) and SH(ω2) x̄ O O O O
6 L(ω1) and SH(ω2) O O O x̄
7 SH(ω1) and L(ω2) O
8 SH(ω1) and SV (ω2) O O O O O
9 SV (ω1) and SH(ω2) O O O O O
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the particular cases in table 2.2, as the respective conditions stay the same while the am-
plitude of the scattered wave changes for different polarization combinations or may be
zero.
2.4 Related work
Over the course of the past decade, numerous applications of nonlinear wave mixing in non
destructive evaluation (NDE) have been described. Its main feature is given by the fact, that
micro cracks and other fatigue damage influences the quadratic nonlinearity of a material,
which can be measured spatially discretized through wave mixing techniques.
One application is the measurement of nonlinearity associated with deformation, plas-
ticity and fatigue. Liu et al. [19] demonstrated the measurment of an acoustic nonlinearity
parameter and its correlation with the deformation of A1-6061 alloys. In [20], the viability
of detecting plasticity and fatigue damage by non-collinear wave mixing was investigated
by Croxford et al.. Furthermore, Sun et al. [21] used non-collinear shear wave mixing for
the detection of plasticity and analyzed the sensitivity of the procedure on the incidence
angles.
Another application is the assessment at interfaces and bonds. Ju et al. [22] used a
nonlinear wave mixing technique to inspect adhesive joints for thermal aging after they
considered one-way mixing for the inspection of an adhesive layer [23]. In addition, Zhang
et al. [24, 25] used non-collinear mixing of shear incidence waves at an interface to evaluate
bond quality between solids.
The main application in this thesis is the detection of micro-cracks, which is also ex-
tensively discussed in the literature. Blanloeuil et al. [10] analyzed the detection of closed
cracks with non-collinear mixing by means of a FEM simulation. More lately, Zhao et al.
[9] used one-way collinear wave mixing for the detection and characterization of micro-
cracks.
These approaches for the detection of micro scale damage have the advantage of lo-
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calizing the damage within the structure by means of the mixing zone, compared to older
nonlinear NDE techniques [26] gathering only limited spatial information. However, using
fixed positions for single transducers results in a limited number of points to be scanned.
A possible remedy is the precise movement of the ultrasonic equipment, but this can be
time consuming. Therefore, in this work an analysis of the use of wave mixing techniques
in combination with phased array transducers is presented. Phased arrays consist of many
single transducer elements and can be purchased in different spatial and technical configu-
rations. Their main advantage is the possibility to create a beam at a programmable angle,
without using a wedge, through the use of firing delays between the single transducer ele-
ments. Thus, a region of points can be scanned for a fixed positioning of two arrays in less
time. A review on phased arrays is given by Drinkwater and Wilcox in [4], in section 3.2
the basic delay laws will be introduced and in section 4.1 their capabilities and limitations




In this chapter, the technical details of the planned application are dicussed. The goal
is to propose a design for a setup to scan a specimen for micro-cracks. A sketch of the
proposed measurement setup is shown in figure 3.1. Two phased arrays are used on one
side of the specimen to generate incident shear waves at the desired angles. Each array is
put on a wedge to produce an angle offset of 52.7° from the vertical beam direction. Thus,
smaller steering angles can be used for the region of interest, which is a result discussed
in section 4.1. The two wave beams intersect under the mixing angle ∆θ at the interaction
volume of which nonlinearity is ought to be measured. All angles for a set mixing point











,∆θ = 180°− θ(1)s − θ(2)s , (3.1)
with mixing point position (xm, ym). In this thesis, the distance between the arrays is set
to L = 1m in order for the scanning region to fit for a 40cm thick specimen. However, L
can be chosen according to the thickness of any specimen without changing the quality of
the general results presented herein. When the required frequency ratio conditions for the
current mixing angle are met, resonance inside the interaction volume creates a scattered
wave. The amplitude of this scattered wave is proportional to the nonlinearty of the mate-
rial inside the interaction volume depicted in red in figure 3.1 and then can be measured by
an air coupled receiver on the opposite side of the specimen. This process is repeated for
multiple points inside the specimen, thereby a scan of a larger volume measuring its non-
linear behavior is conducted. This is potentially much faster than conventional techniques,




















phased array 1 phased array 2
resonant wave
air coupled receiver
Figure 3.1: Sketch of setup for wave mixing with two phased arrays. With wave pulses















line. However, this only gives a relative measure of nonlinearity for one point compared
to others inside the volume and usually the measured amplitude values are normalized by
a constant, e.g., the maximum measured amplitude for the scanned volume. In order to
get absolute values, it would be necessary to precisely know all displacement amplitudes,
which would require precise calibration of the transducers with expensive equipment and
exact modeling of the transducer characteristics transforming voltage into displacement.
Nonetheless, the proposed measurement techniques allows the detection of micro-crack
aggregations, because a higher density of micro-cracks leads to a greater amount of non-
linearity relative to other points with less micro-cracks. The values can also be compared
to an intact specimen of the same composition. Thus, no knowledge of absolute measure-
ment of nonlinearty, for example in the form of Murnaghan constants is required. Another
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advantage of this technique is the spatial information provided by this kind of measure-
ment, as the measured amplitude is only dependent on the nonlinearity of the interaction
volume and mostly independent of nonlinearities on the propagation paths to and from the
interaction volume.
In the following sections different aspects of this measurement technique will be dis-
cussed in detail. In Section 3.1, the necessary and sufficient conditions on the mixing angles
and frequency ratio for the generation of a resonant wave, using two shear incident waves,
are derived. Furthermore, formulas for the computation of the resonant wave amplitudes
are derived and the sensitivity for the two possible types of polarization on the nonlinear-
ity is analyzed. In Section 3.2, the basic functionality of phased arrays, as well as beam
steering and beam focusing is explained. In Section 3.3, the difference between the use of
continuous waves and the use of wave pulses with a limited number of cycles is discussed.
Thus leading, to a model of the interaction volume used for the simulations in chapter 4.
Finally, Section 3.4 discusses the modeling of cracks in literature and different acoustic
nonlinearity parameters commonly used to quantify nonlinearity.
3.1 Wave mixing of two oblique angle shear waves
Two oblique angle shear waves are used as incident waves, which have better resolution
due to the smaller wavelength compared to longitudinal waves with the same frequency.
Furthermore, they have to be used in interaction case 4 and 5 of table 2.3 for non-collinear
mixing producing a longitudinal resonant wave. In order to avoid high attenuation, lower
frequencies are preferred. The used frequency range is approximately 20kHz to 100kHz.




















Table 3.1: Typical values for material parameters of concrete based on measurements in

















Concrete 12.68 17.52 −3007 −2283 −1813 2400 4.459 2.702
Mortar 9.31 8.59 - - - 2018 3.623 2.063
Cement paste 42 21 - - - 2660 5.620 2.810



















Typical material parameters for cement based materials are listed in table 3.1. Cement
based materials already have an inherent nonlinearity in the intact state due to their het-
erogeneity. However, the TOE for an intact specimen are only listed for concrete, because
they are hard to measure precisely and there are only a few measurements in cement based
material of these parameters in recent research [28]. Nevertheless, the trends and behav-
ior in the following analysis holds true for all kinds of materials, only the absolute values
(dependent on the actual Murnaghan constants) would change. For concrete the frequency
















respectively. The achievable mixing angles for this range of frequency ratios can be com-
puted by equation (3.2) and are shown in figure 3.2. One can see, that the range of mixing
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Figure 3.2: Mixing angle over frequency ratio according to mixing condition for two inci-
dence shear waves in concrete, mortar and cement paste.
angles ∆θ is similar for all materials, but the frequency ratio, defined as a = ω2/ω1, for
a specific ∆θ is different as the velocity ratio, defined as c = cT/cL, is different for every
material. A minimum angle in concrete is reached for a ratio of 1 at 105.4°. The upper
limit is 180°, but this is further limited by the maximum feasible steering angle of the used
arrays which will be discussed in section 3.2. Actually, the mixing conditions below a = 1
describe the same cases as the ratios a > 1, because for two exactly identical generated
incident waves it is a matter of definition if ω1 > ω2 or ω2 > ω1 in the fraction for the
frequency ratio depending on which incident wave is declared number one. This is also the
reason for the equivalence in equation (3.3) and why the lower limit is always the reciprocal
of the upper limit. Therefore, we define a = ω2/ω1 with ω2 > ω1 in all cases and look only
at ratios a > 1.
Similar to the case of Thales’s theorem, where for a right triangle the third point lies on
the circumference of a circle, there are certain lines corresponding to an arbitrary constant
third angle of the triangle. As an illustration, some of these lines, in the range of the
required mixing angles, are shown in figure 3.3. Inspired from the ancient Greek, these
lines can be called isogonics. This means for the presented application, that all points
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Figure 3.3: Lines of all points with the same mixing angle (Isogonics) for 1 m distance
between arrays. From 105.4° to 170° which would be limited by the maximum steering
angle of the arrays.
laying on the same isogonic can be scanned with the same mixing angle between the two
shear incident wave. With lines closer to the lower surface corresponding to higher angles.
For this range of mixing angles the steering angles of the incident waves are in the range
from θ(i)s = 0° to θ
(i)
s = 180°− 105.4° = 74.6°. Wedges are used to get an angle offset of
90°− (180°− 105.4°)/2 = 52.7° for a steering angle of 0° of the arrays measured from a
vertical line. This leads to better spatial isolated measurements and higher intensity inside
the mixing volume, because smaller array steering angles lead to smaller beam widths and
better beam directivity which is discussed in section 4.1.
Until now the polarization of the two incidence shear waves was not considered. There
are two possible cases. They can be polarized in the plane formed by their wave vectors
k(1),k(2) (case 5 table 2.3) or both pointing in the same direction orthogonal to this plane
(case 4 table 2.3). Each case results in a different amplitude of the resonant wave. The
general expression for the amplitude of the resonance wave, when two shear incident wave
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with r as the distance to the measurement point from the center of the interaction volume
V .
For the in plane polarization the geometric relations








, k(1) · k(2) = ω1ω2
c2T
cos(∆θ),
Û (1) · Û (1) = 1, Û (2) · Û (2) = 1, Û (1) · Û (2) = cos(∆θ),
Û (1) · k(1) = 0, Û (2) · k(2) = 0,
Û (1) · k(2) = ω2
cT




























[λ+ µ+ cos(2∆θ)(λ+ 3µ+ 2m)]k+. (3.8)
Equation (3.8) is plugged in equation (3.6) and equation (3.2) is used to express everything






























with c = cT/cL.
For the out of plane polarized shear waves the following geometries change















































(a3 + 1)(c2 − 1) + a(a+ 1)(c2 + 1)
}








Because the resonant wave amplitudes equations (3.9) and (3.12) are dependent on the Mur-
naghan constantsm orm and n respectively, it is possible to measure the difference in non-
linearity between different volumes inside a specimen. Thereby, identifying regions with
micro-crack damage, which changes the nonlinear behavior of the material region. Previ-
ous research concerned with the feasibility of nonlinearity measurements to asses structure
damage is discussed in section 3.4. In Figure 3.4, the normalized absolute value of the
resonant wave amplitudes over the product of the incident wave amplitudes, for both polar-
ization cases in concrete is shown. This result shows, how the resonant wave amplitude for
measuring nonlinearity changes based on the mixing angle and the polarization of the inci-
dent waves. Mortar and cement paste have qualitatively similar amplitude dependence and
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polarized out of k1-k2-plane
polarized in k1-k2-plane
Figure 3.4: Relative amplification for different frequency ratios in concrete, normalized by
maximum value.
similar curves for different types of wave mixing interactions were numerically calculated
in [17] for polyvinyl chloride (PVC). For the in plane polarization, a minimum is reached
at a = 3.07, which is actually a sign switch causing a 180° phase shift, if not considering
the absolute amplitude value. This is due to the 2 cos(∆θ)2 − 1 term, with the cosine re-
placed by equation (3.2) in equation (3.9). For ∆θ > 135° the (λ + 3µ + 2m) term starts
to cancel out the (λ + µ) term and then the expression in equation (3.9) swaps its sign.
Using out of plane polarized shear waves the sensitivity increases monotonically, has no
extra minimum and is bigger in the region a > 2.5. Whereas, in plane polarization gives
better results in the region a < 2.5. However, for out plane polarized shear waves, either
(s-wave) transducers or a setup with two angled wedge interfaces in combination with a
longitudinal wave (p-wave) transducer are needed. Therefore, it is advantageous that the
proposed setup (with two shear wave transducer phased arrays) permits both polarization
configurations.
A special case of non-collinear shear wave mixing is the antilinear case with ∆θ =
28
Figure 3.5: Ultrasonic phased array with shear wave transducers (ceramic tips) for concrete
inspection.
180°, which is indicated by the bar above the ’x’ in cases 4 and 5 of table 2.3. At this point,
both amplitudes reach their maximum for a = 4.0751, which can be seen in figure 3.4. Both
curves were normalized by the same maximum value so the amplitudes match. Effectively
both polarization cases collapse into the same type of interaction in the antilinear case.
Here, the polarization does not matter as long as both incident waves are polarized in the
same plane, thus giving the same resonant wave amplitude.
3.2 Phased arrays
Phased arrays are made of multiple single element ultrasonic transducer positioned with a
fixed pitch in between. They give the possibility to generate an arbitrary ultrasonic field,
but are also used to reproduce fields of traditional single element transducer configurations.







1 . . . i . . . N
Figure 3.6: Illustration of beam steering with steering angle θs, element spacing δx, firing
delay δTi and elements 1 to N from left to right.
beam steering is the most relevant delay law for the generation of a plane incident wave
steered in a desired direction to replace the use of common single element transducers
generating a wave front at a fixed angle. Additionally, beam focusing is explained for
completeness, which could be used in future work for further improvement of the presented
technique.
For beam steering, the delay between the firing of the different transducers is used to get
a phase difference between the waves emitted by the transducers, which in superposition
creates a wave front at an angle. This is illustrated in figure 3.6. The time delay δTi for the
i-th element from left to right can be calculated as
δTi = iδx sin(θs)/cL/T , (3.13)






1 . . . i . . . N
δTi
Figure 3.7: Illustration of beam focusing with focus point at depth yf , element spacing δx,
firing delay δTi and elements 1 to N from left to right.
Beam focusing uses the same principle, but the result of the superposition is a construc-
tive sum of all wave amplitudes at a specific point, illustrated in figure 3.7. The time delay

















with yf as the focusing depth and tmin as the time to shift the delays by the maximum
negative delay value to get δTi > 0.
Beam steering and focusing can be combined by adding the delays to get a resulting
wave steered and focused at any point. Beam steering suffices for the basic task to generate
incidence waves at an arbitrary angle for mixing at a desired location inside the specimen.
Combination with beam focusing could be used in future work to improve resolution and
intensity by the creation of a smaller interaction volume. But the analysis is much more
complicated in this case, as the assumption of plane wave fronts for the analytical solution
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is not fulfilled anymore. This could be further investigated by FEM analysis.
3.3 Wave mixing of pulses
Until now, a fixed volume of interaction was considered for the generation of the scattered
wave. This holds true, in the case of two continuously sent incident waves in steady state.
However, the before mentioned use of phased arrays with a pulse generator creating inci-
dent waves at programmable angles, results in pulsed incident waves with a certain amount
of cycles. To the best knowledge of the author, currently available hardware for the con-
trol of phased arrays only uses pulse generators for the creation of incident waves, as they
are mainly developed for linear techniques. In order to improve this nonlinear technique,
hardware for the control of phased array antennae using wave generators with a circuit to
precisely control the phase shift (Phased locked loop PLL) between the signals on multiple
channels could be developed. The incident waves generated by this pulse generator hard-
ware are tone bursts, which limits the spatial length of the incident waves and leads to a
change of the interaction volume over time. Chen et al. analyzed this phenomenon in [18]
for 1D collinear wave mixing.
The second aspect, is the considered width of the wave pulse characterized by the width
over which a plane wave front can be assumed. This is modeled by the physical bound-
aries of the phased array, i.e., the right and left most transducer elements. Dependent on
the current steering angle the geometric width of this assumed plane wave front changes.
Similar modeling for the interaction volume was done by Zhang et al. in [25]. Addition-
ally, the validity of this assumption is supported by the fact that the generation of a resonant
wave is sensitive to the exact matching of the resonance condition (angle between the plane
wave fronts). This is also used in [24], where relaxation of the condition is used to reduce
the contribution from the nonlinearity of the surrounding media for the inspection of an
imperfect interface.




















Figure 3.8: Illustration of beams in yellow with spatial length calculated as number of
cycles n(1)c times wavelength λ
(i)
l and width calculated as aperture A
(i) times cosine of
steering angle shifted by wedge angle cos(θ(i)s − 37.3°). Mixing volume V in red as the
overlap of pulses changes over time.
arrays as two rectangles, with length according the spatial length of the pulses
length = n(i)c λ
(i)
l (3.15)
and width according to the projected aperture
width = A(i) cos(θ(i)s − 37.3°), i = 1, 2 (3.16)
of the beam at the used steering angles. Here A(i) are the physical apertures determined by
the distance between the left and right most transducer of an array, n(i)c are the number of
cycles, θ(i)s are the steering angles and 37.3° = 90° − 52.7° is the at the beginning of this
chapter mentioned offset from the wedges (measured from the horizontal). In Figure 3.8 a
schematic depiction of two mixing pulses at different instants in time is shown. The effec-
tive mixing volume for a time t is determined as the overlap region of the two rectangles
representing the pulses. This results in the modulation of the resonant wave amplitude by
a function V (t). For example, in figure 3.9, the change of the mixing volume V over time
and the modulated resonant wave for the mixing point xm = 0.3, ym = 0.25 is shown.
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Figure 3.9 was achieved by numerical computation of the overlap region in contrast to the
analytical integration done in [18] for the 1D case, because no closed analytical expression
can be found for an arbitrary polygon changing over time.
3.4 Nonlinearity and crack modeling
The contribution of micro-cracks, dislocations and other damage or imperfections in the
material micro-structure to the nonlinear response of a material is studied in different re-
cent publications. Overall, a proportionality of the quadratic nonlinear response on the
crack density was found by different authors [9, 10, 31, 32]. An overview of related work
was given in section 2.4. However, it is difficult to develop an analytical model which is
capable of describing the physical phenomena resulting in an increase of quadratic elas-
tic nonlinearity. V. E. Nazarov and A. M. Sutin [33] derived a model considering a solid
with randomly oriented cracks. In their model the effect of nonlinearity is incorporated by
the additional displacement resulting from the cracks when normal stress is applied. This
overall additional change in volume caused by the cracks is modeled by a Taylor series
approximation which coefficients are derived from physical forces inside the crack when
different types of asperities are compressed against each other. A different approach was
formulated by C. Pecorari [31]. Instead of partially closed cracks, which faces are not in
full contact with each other, he also considered clapping of cracks meaning the full closure
of conforming crack faces resulting in a directional change of the normal component of
the traction vector at the crack. In his work, the change in the elastic properties caused
by this effect is modeled by a perturbation term contributing to the stiffness matrix in the
constitutive relationship.
In practical applications however, the acoustic nonlinearity parameter β is used as a
measure for the nonlinearity of the measured region. There are different types of acoustic
nonlinearity parameters in the literature. Considering the wave equation for 1D wave prop-
agation of longitudinal and transverse waves, the elastic parameters on the right-hand side
34


























(a) Size of interaction area of pulses over time after first pulse is fired.
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(b) Simulated resonant wave for mixing point xm = 0.3m, ym = 0.25m.
Figure 3.9: Interaction volume changes over time (a) as overlap region of pulses change,
thereby amplitude of resonant wave (b) is modulated for mixing point xm = 0.3m, ym =
0.25m.
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can be condensed as










called the longitudinal and transverse acoustic nonlinearity parameters respectively [9, 18].
Because the measured parameter in experiments is the voltage of the transducer receiving







is used as a relative measure of nonlinearity and will also be used in this thesis. An exact
measure would require the exact knowledge of all absolute quantities in equations (3.9)
and (3.12). In contrast to, the case of collinear wave mixing, where parameters βL and
βT can be used and the mixing condition always stays the same, non-collinear shear wave
mixing only provides β = β(a) as a function of the current mixing condition for constant
elasticity parameters. This means, that even two mixing points with the same nonlinear-
ity will give different resonance wave amplitudes. This issue will be further discussed in




In this chapter, the main results of this thesis, comprised of an analysis of the measurement
technique specifications and limitations, are presented. Section 4.1 is concerned with the
effects resulting from the design of the phased arrays. Limiting factors for the steering
angle and the degradation of the beam profile for large angles is discussed. In Section 4.2,
the sensitivity of the proposed technique dependent on the mixing point for both types of
polarization is analyzed. In Section 4.3, the relative attenuation dependent on the wave
paths for a certain mixing point is calculated. Finally, in Section 4.4 simulative results for
a concrete block with an aggregation of micro-cracks are shown and the compensation of
unknown TOE in the intact case is discussed.
4.1 Beam steering and phased array design analysis
Beam steering is the basic functionality needed when using phased arrays for wave mixing,
because this controls the angle of the generated incident waves and thereby the achieved
mixing angle ∆θ and the mixing point for fixed array positions. Design parameters of
the phased array, e.g., element spacing, element width and number of elements, influence
the beam profile and thereby the maximum feasible steering angle. An extensive study of
phased array design for beam steering via beam profile modeling simulation can be found
in [34] and an optimization of directivity and steerability was done in [35]. In the follow-
ing, figures are made for concrete when basic relationships between design parameters and
limiting factors are demonstrated, because results are similar for other cement based mate-
rials and concrete is the most limiting one. However, results for all materials from table 3.1
are shown for the maximum feasible steering angle.


























Figure 4.1: Pressure normalized by pressure in steering direction H(θ), with θs = 30°,
f = 80kHz, cT = 2702m s−1 (concrete), λl = 0.0338m, N = 8 and δx = 0.025m.
λl (δe/λl  1), the beam profile can be modeled as the superposition of point sources
according to Huygens principle. From [35] the pressure in the direction θ normalized by







sin(πδxN(sin θs − sinθ)/λl)
N sin(πδx(sin θs − sin θ)/λl)
∣∣∣∣. (4.1)
Modeling for three dimensional beam steering with a matrix array can be found in [36],
but will not be further considered in this work. In this thesis, design parameters N = 8
and δx = 0.025m for in plane steering with the phased array shown in figure 3.5 are used,
which is an example for the currently available hardware on the market. A simulation of
the normalized pressure profile in concrete for beam steering can be seen in figure 4.1.
Three different types of lobes can appear, the desired main lobe in the steering direction,
side lobes and under certain conditions grating lobes. Grating lobes appear, if the inter-
element spacing is δx > λl/2, which can be seen as spatial aliasing following from the
Nyquist sampling theorem. For δx = 0.025m in concrete (cT = 2702m s−1) grating lobes
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appear for wavelengths smaller than 0.05m or frequencies higher than ∼ 54kHz. In non
destructive evaluation (NDE) with linear ultrasonic techniques, the appearance of grating
lobes is a limiting factor for the steering angle, because it causes a pressure in an undesired
direction with the same amplitude as in the steering direction, which is deleterious for the
measurement signal quality. Therefore, in linear applications phased arrays are designed
to prevent grating lobes for the used nominal frequency. This is done by choosing a com-
promise between selecting the element spacing small enough to prevent grating lobes for
a certain steering angle range, suiting the respective wavelength in the material inspected
for a specific application (e.g. weld inspections), but keeping it large enough to maintain
directivity (in the extreme case δx → 0 collapsed to a point source with no directivity).
However, for the application of nonlinear wave mixing techniques the frequency has to be
changed matching the mixing condition equation (3.3), which makes it hard to find a design
preventing grating lobes for a range of frequencies. But for wave mixing only the sector
from 0° to 90° is relevant, in which grating lobes can be avoided. In Addition, the signal to
be measured for wave mixing has the sum frequency of the incidence wave, which makes it
possible to filter out any disturbing signals of other frequencies like the side wall reflected
grating lobe beams (frequency discrimination). Furthermore, the resulting resonant wave
vector is the sum of the incident wave vectors resulting in a fairly different propagation
path than the grating lobe waves (spatial discrimination). The more crucial limiting factor
for the maximum steering angle in the considered measurement technique is the loss of di-
rectivity as the beam width increases with the steering angle. An example of the increasing
beam width up to coalescence of the beam with the side wall is shown in figure 4.2. The


















here small values correspond to good directivity. The normalization is chosen such that a
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Figure 4.2: Pressure normalized by pressure in steering direction H(θ) for θs = 40°, 50°
and 60°, with f = 50kHz, cT = 2702m s−1 (concrete), λl = 0.054m, N = 8 and δx =
0.025m.
width of 1 corresponds to 180° and smaller values of q can be interpreted as the degree per-
centile of the infinite half-space occupied by the beam width. In Figure 4.3, the normalized
lobe width q is shown for different steering angles θs and frequencies f . One can observe,
that the slope of the lobe width q increases at the end for all frequencies, when the right
side of the main lobe merges with the side wall. A condition for the maximum feasible
steering angle can then be formulated as the angle when the zero pressure to the right-hand








This maximum feasible steering angle for different frequencies and materials is shown in
figure 4.4. All materials have an increase in the maximum feasible steering for higher fre-
quencies, with concrete and cement paste being close to each other and higher possible
steering angles in mortar at all frequencies due to its lower shear wave velocity. A good
compromise for beam directivity while maintaining a broad frequency range for wave mix-
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Figure 4.3: Normalized main lobe width q for frequencies 20kHz to 100kHz, with cT =
2702m s−1 (concrete), N = 8 and δx = 0.025m.






















Figure 4.4: Maximum steering angle θsmax for a single array at frequencies 20kHz to
100kHz, with cT = 2702m s−1 (concrete), cT = 2063m s−1 (mortar), cT = 2810m s−1
(cement paste), N = 8 and δx = 0.025m.
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ing in all materials, is to use only frequencies in the range 30kHz to 100kHz resulting in
a beam width range of approximately 0.09 to 0.4 and a maximum steering angle greater
than 34° for the used frequencies for all materials. However, it is desirable to choose the
lowest possible frequencies for better signal strength, as lower frequencies get less attenu-
ated. But it is inherent to figure 4.3, that lower frequencies lead to larger beam widths at
all steering angles. Therefore, it is advisable to set the array with the smaller steering angle
for the desired mixing point to the lowest possible frequency of 30kHz, while setting the
other array with the larger steering angle to the higher frequency a × 30kHz according to
the frequency ratio a resulting from the mixing condition. Thus, a good size of the feasible
scanning region is obtained, while minimizing the path attenuation.
Another conclusion of this analysis is the in section 3.1 proposed design with the phased
arrays on wedges. Thus, creating an angle offset for the beams, in order to minimize the
needed steering angles for the region of interest. Here the material of the wedges should
be selected to match the impedance of the concrete material to get the best possible trans-
mission coefficient at the interface. Ideal would be to use the same material for the wedges
and specimen with perfect coupling and no interface, thus only producing an angle offset
and no refraction. Otherwise the use of materials with low wave velocities, e.g., Teflon
is recommended, leading to smaller incidence angles needed at the interface to keep the
transmission coefficient high and the reflection coefficient low to minimize losses. Using
Equation (4.1), the superposed pressure field of the beams emitted by the two arrays can
be visualized. Figure 4.5 shows the two beams and in red the boundaries of the plane
wave fronts resulting from the assumption in section 3.3 for wave mixing with and without
wedges in the setup. Without wedges the larger steering angle of the left array leads to a
degradation of the beam, spreading the energy over the whole green sector. Whereas in
the setup with wedges the beam clearly stays in the projected boundaries until the mixing
volume is reached and the pressure is concentrated at the mixing point. In the case with-
out wedges the red boundary corridors are smaller as the projected apertures are smaller,
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(a) Beam profiles for mixing without wedges.
(b) Beam profiles for mixing with wedges.
Figure 4.5: Normalized pressure field for two superposed beams (left beam 53kHz, right
beam 30kHz, a = 1.7685) crossing at mixing point xm = 0.7, ym = 0.3 shown as red
marker. Geometric boundaries for plane wave fronts through projection of physical aper-
tures shown as red lines.
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Figure 4.6: Pressure in steering direction normalized by pressure amplitude at θs = 0° for
frequencies from 20kHz to 100kHz, with δe = 1e− 3m.
due to the larger angle between the vertical to the array surface and the steering direc-
tion. This does not account for the characteristic of the waves being pulses limited in time,
but it shows that the overlap region is a good approximation for the maximum interaction
volume and the rays outside of the red boundaries are further diverging not contributing
substantially to the generation of the resonant wave. A more accurate determination of the
interaction volume would require a (computationally heavy) dynamic FEM analysis which
is out of the scope of this thesis.
Another aspect to consider is the pressure in the steering direction compared to pressure
of a beam at 0°. This pressure is calculated as
p(θs) = sinc(πδe sin θs/λl). (4.4)
In Figure 4.6, the pressure dependent on the steering direction in concrete for different
frequencies is shown. As this pressure decreases at most by 2.2% the influence of the
steering angle can be neglected for the amplitude calculation in equations (3.9) and (3.12).
However the width over which the amplitude is distributed is considered through the size
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of the interaction volume modeled in section 3.3.
4.2 Sensitivity analysis
As mentioned in section 3.1, the resonant wave amplitude is dependent on the current mix-
ing condition, meaning the the mixing angle to scan a certain point for a fixed geometry and
the respective frequency ratio from equation (3.2). The resulting resonant wave amplitude
is also different for different types of polarization, which was shown in figure 3.4. Further-
more, it depends on the mixing volume modeled in section 3.3, which is determined by the
geometry of the setup. And in the previous section, it was discussed that better directivity is
achieved, if the beam with the smaller steering angle is set to the lower frequency. Taking
all these results into accout, figure 4.7 shows the normalized nonlinearity parameter βrel
for every point inside a specimen, assuming TOE’s for concrete from table 3.1 in the intact
state, for both polarization cases respectively. One can see in figure 4.7a, that with out of
plane polarized shear incident waves higher sensitivity is achieved in the central region.
Whereas in figure 4.7b, the in plane polarized shear waves lead to higher sensitivity in the
top and bottom region.
These results have to be considered in combination with attenuation inside the material.
As higher frequencies get attenuated more, it is better to have a shorter path for the resonant
wave which has the sum frequency of the incident waves. Furthermore, low frequency ratio
values a are preferred, to also keep both incident wave frequencies low. This means, that
the region close to the receiver side of the material is subject to less attenuation, which
will be discussed in the next section. Overall, in this scenario the in plane polarization of
shear waves might be preferred in highly attenuative cement based materials. However,
both polarizations can be considered for less attenuative materials, e.g., for metal material
inspections.
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(a) Out of plane polarization.
(b) In plane polarization.
Figure 4.7: Normalized parameter βrel for different polarization with two shear incident
waves, dependent on the position in the scanning zone inside 0.4m thick concrete. With
1m distance between arrays, incident wave with smaller steering angle at 30kHz and other
incident wave at a× 30kHz according to the angle condition and interaction volume based
on equal apertures. Material properties from concrete in table 3.1.
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4.3 Path attenuation for non-collinear wave mixing
For the presented measurement technique it is of particular interest to determine the ex-
pected attenuation in the region of interest in addition to the sensitivity. Thus, assessing the
region for which good measurement results can be expected. The two main mechanisms
of attenuation are geometric and material attenuation. Geometric attenuation considers
the decrease in amplitude as the cylindrical or spherical wave front spreads in the speci-
men. Material attenuation considers absorption of the energy by the material converting
kinetic to thermal energy (intrinsic) and scattering effects at heterogeneous particles inside
the material (extrinsic). In practice, extrinsic and intrinsic material attenuation are hard to
distinguish and only the overall attenuation by the material is described by one attenuation
parameter α0L for longitudinal and α0T ≈ α0L/c for transverse waves. In general, the wave





α(f) ≈ α0f ηm
(4.5)
with initial amplitude A0, propagation distance r, frequency f , material attenuation coeffi-
cient α0 and exponential material and geometric parameters ηm and ηg. For spherical wave
fronts in a volume, the geometric attenuation exponent is ηg = 1. Cylindrical wavefronts,
e.g., Rayleigh surface waves would have an ηg of 0.5. The material exponent parameter
ηm for rock, sediment and concrete is approximately 1. For metals it would be ηm = 2
and most soft tissues have ηm in the range of 1 to 2. In [37] the attenuation for different
compositions of cement based material was measured for a range of frequencies. Therein,
one can see that a linear relationship between frequency and attenuation can be assumed
for frequencies below 100kHz.
As geometric attenuation is not specific to the material and may depend on the shape
and sidewall reflections inside the specimen, it will not be considered in this analysis. Fur-
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thermore, for heterogeneous media the composition plays an important role for the proper-
ties of the material. Concrete for example, is made of water, sand, aggregates and cement.
Therefore, its properties are strongly dependent on the mixing ratios of these components,
especially water to cement (w/c) and aggregate to cement (a/c) ratio, which is investi-
gated in [37]. Additionally, the size of the aggregates has an influence on the attenuation
inside the material. Aggregates influence the attenuation not only intrinsic through their
amount of material absorption, but also extrinsic as their size and concentration influences
the amount of scattering. Therefore, the focus here is on the frequency and wave path de-
pendent relative attenuation without considering a particular material, to find out how the
attenuation depends on the position of the arrays and the chosen scanning point.
During non-collinear shear wave mixing, there are three paths along which waves get
attenuated. The paths of the two shear incident waves and the path of the longitudinal res-
onant wave. Dependent on the point to be scanned, the three propagation distances as well
as the frequencies to fulfill the mixing condition equation (3.4) vary. Using the following
proportionalities and relations for the unattenuated and attenuated wave amplitudes
U
(1)
att = exp(−α0T r1f1)U (1), U (2)att = exp(−α0T r2f2)U (2),
U+att = exp(−α0Lr(f1 + f2))U+0 , U+0 ∝ U (1)attU (2)att ,
⇒ U+att ∝ exp(−α0L(r(f1 + f2) + r1f1/c+ r2f2/c))U (1)U (2),
(4.6)
with a typical conversion to dB
20 log10(U
+
att) ∝ −α0L(r(f1 + f2) + r1f1/c+ r2f2/c)20 log10(e) + 20 log10(U (1)U (2)),
(4.7)
a relative measure for the path attenuation by substracting offset and factoring out constants
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is defined as
Attrel := (r(f1 + f2) + r1f1/c+ r2f2/c). (4.8)
Here r1, r2, r and f1, f2, f1+f2 are path lengths and frequencies of the incident and resonant
waves respectively. Furthermore, the subscript att denotes attenuated amplitudes and U+0
denotes the resonant wave amplitude generated by the attenuated incident waves at the
mixing volume. Note that the left out factor −α0L20 log10(e) is just a conversion of the
material attenuation from Np to dB and the offset is just dependent on the incident wave
amplitudes, thus equation (4.8) gives a material and incident amplitude independent relative
measure for the attenuation of every scanning point.
According to section 4.1, it is favorable to set the array with the smaller steering angle
to a frequency of 30kHz while the other array with the larger steering angle is set to a
frequency of a×30kHz. Note that the array with the smaller steering angle is also the array
with the shorter incident wave path for the considered scanning region. For the different
cement based materials from table 3.1 the velocity ratio c is in the range of 0.5 to 0.6,
therefore equation (4.8) is evaluated for the average c = 0.55, as the results qualitatively
look similar for this range of c values.
Figure 4.8 shows the path attenuation from equation (4.8) for all points in the scanning
region, when a distance between the arrays of 1m is selected. Mixing points closer to the
opposite surface are subject to less attenuation. This is because the isogonic with mixing
ratio a = 1 is closest to the opposite surface, so both incident waves can be set to the low-
est frequency of 30kHz. Additionally, the resonant wave with the higher sum frequency
of the two incident waves, has a shorter path through the medium for points closer to the
opposite surface. Furthermore, mixing points with the same mixing ratio (c.f. isogonics in
figure 3.3) have the same resonant wave frequency resulting in similar attenuation. How-








Figure 4.8: Normalized relative attenuation along wave paths for all points in scanning
region, with resonant frequency (1 + a)× 30kHz, closer incidence wave frequency 30kHz,
other incidence wave frequency a×30kHz, distance between arrays L = 1m and c = 0.55.
would be to change the position of this scanning region by moving the arrays closer to-
gether. But this would result in a longer path for the resonant wave and the advantage of
not having to move equipment around the specimen with this measurement technique is
lost. However, attenuation is countered by the amplification of the resonance effect which
increases with the size of the mixing volume. This results in a trade off between resolution
and signal strength. An extreme example of this is the collinear mixing approach in steady
state, where both incidence waves are propagating along the same line using the whole
cross section for interaction. Thereby, a good signal strength is achieved, but no spatial
distinction of the points in the cross section is possible.
4.4 Simulation of volume with micro-cracks
In this section, a measurement is simulated by modeling a crack volume through a relative
increase of the TOE. The Murnaghan constantsm,n or n are increased by 20% respectively
in a circular region of radius 5cm around x = 0.3m, y = 0.25m. Attenuation, as discussed
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in the previous section, is not considered here and can be compensated for by the respective
path calculations for each scanning point. In Figure 4.9, the simulative result for an in
plane and out plane measurement are shown. One can recognize a slight boundary of
the circular shaped region, which is distorted to an oval due to the unequal axis scaling
for better figure formatting. If all material parameters, including the TOE of an intact
specimen, are known a priori, one can compensate for the sensitivity at different position
and get the relative increase in βcomp.exact shown in figure 4.10. Because the TOE are on
a higher order of magnitude compared to the Lamé parameters, an increase of them by
20% also leads to an approximate increase of the relative acoustic nonlinearity parameter
βrel by 20%. However, in practice it is difficult to measure the TOE. In particular, an
intact specimen of the same composition is needed for comparison. Therefore, an exact
compensation for the sensitivity is often not possible. This problem arises from the fact
that βrel is a function of a, which changes for different mixing points when using non-
collinear wave mixing. A collinear mixing technique, as presented in [38], does not have
this dependency, but thereby no spatial discretization is possible, measuring an average of
βrel for every cross section. Furthermore, a collinear technique requires the movement of
equipment to scan different cross sections slowing down the process of scanning a larger
volume.
Nevertheless, an approximate compensation for the dependency on a can be achieved
in post processing by using the a priori knowledge of V, r, U1, U2, w1, λ, µ, ρ, cL and cT .


































(a) Out of plane polarization.
(b) In plane polarization.
Figure 4.9: Simulation of spherical volume with damage at x = 0.3, y = 0.25 with radius
5cm. TOE’s are increased by 20% inside crack volume compared to specimen without
damage.
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Figure 4.10: Simulation of spherical volume with damage at x = 0.3, y = 0.25 with radius
5cm. TOE’s are increased by 20% inside crack volume compared to specimen without
damage.






















Here U+meas is the simulated measured and U
+
comp is the approximately compensated res-






In Figure 4.11, the approximately compensated results for in and out plane polarization are
shown respectively. In the out of plane polarization case in figure 4.11a, a noticeable gradi-
ent is still visible, whereas in the in plane case in figure 4.11b only a slight gradient in the
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(a) Out of plane polarization.
(b) In plane polarization.
Figure 4.11: Simulated nonlinearity parameter βrel.comp. approximately normalized using
apriori knowledge of V, r, U1, U2, w1, λ, µ, ρ, cL and cT .
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bottom region and around the zero amplitude line is visible. This can be compensated for
by measuring at multiple locations in an intact area to asses the background nonlinearity
and calculate the relative increase in the measurement caused by micro-scale damage. For
the in plane polarization only one Murnaghan constant m is unknown, therefore one mea-
surement point would suffice to calculate compensation, whereas in the out of plane case
m and n are unknown and at least two intact measurement points are needed. However,
it is a good idea to get more measurement points and solve a least squares problem of the





In this Thesis, a non-collinear shear wave mixing technique for the assessment of micro-
scale damage in cement based materials was proposed and analyzed. Two phased arrays
were used to generate the shear incident waves, giving the advantage of changing the beam
angles without a physical change in the measurement setup.
In Chapter 2, the theoretical background in continuum mechanics in order to describe
the nonlinear wave mixing phenomenon was given.
In Chapter 3, the necessary and sufficient conditions for the generation of a resonant
wave in this setup were derived. From these conditions, scanning lines needing the same
frequency ratio (isogonics) were calculated, with the a = 1 and ∆θ = 105.4° isogonic
building an upper bound of the scanning region for concrete. This line is a boundary de-
pendent on the wave velocities, but its location can be changed by the distance L between
the arrays, which can be adjusted dependent on the thickness of the specimen. Further-
more, the dependence of the resonant wave amplitude on the frequency ratio was shown
for in and out of plane polarized shear waves. It was shown, that in plane polarization
generates higher amplitudes for frequency ratios a ≤ 2.5, whereas out of plane mixing
generates higher amplitudes for frequency ratios a > 2.5. For phased arrays, the basic time
delay laws for beam steering and beam focusing were discussed. Especially, beam steering
is used as a key feature of phased arrays, in order to scan a specimen without physical
movement of measurement equipment, besides the air coupled receiver on the other side of
the specimen. As the amplitude of the resonant wave also depends on the size of the mixing
volume, a model for the mixing volume was developed. Because of the use of wave pulses
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instead of steady state continuous wave beams, this mixing volume changes over time with
the overlap region of the pulses which was numerically computed.
In Chapter 4, the previous insights were used to optimize the measurement setup and
look at technical limitations.
First, an analysis of the generated wave field by means of beam profile modeling was con-
ducted. Three types of lobes can appear, i.e., the main lobe, side lobes and grating lobes.
For linear applications the appearance of grating lobes is a limiting factor. This is not the
case for the presented nonlinear technique, as they can be discriminated spatially and by
frequency from the to be measured resonant wave. However, the beam width, which in-
creases with the steering angle, is a limiting factor for the measurement setup. In order to
investigate the general dependencies of the beam width on other parameters, the maximum
steering angle and beam width for different frequencies was calculated for a given array de-
sign. It was found, that the beam width can be decreased for higher steering angles by the
use of higher frequencies, but this also increases the attenuation. Other possibilities to de-
crease the beam width for higher steering angles are stated in [35]. One idea is to increase
the distance δx between the array elements, but this facilitates the generation of further
grating lobes potentially degrading the measurement quality. Another one, is the increase
of the number of transducer elements to decrease the beam width, but this only works to
a certain extent, with N > 32 number of elements leading to no significant decrease any-
more. Furthermore, increasing the number of elements is limited by the currently available
hardware on the market and requires very expensive or currently not available equipment.
As a remedy to this issue, the use of wedges to generate an offset angle by refraction was
proposed. Thereby, shifting the limited range of steering angles of the phased arrays into
the region of interest where the mixing conditions can be fulfilled.
Second, the influence of attenuation on the measurement principle was studied. It was
found, that points on the lower ratio isogonics are subject to less overall attenuation. Due
to their lower ratio a, lower frequencies for the second incident wave can be used and the
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sum frequency of the resonant wave is lower as well. Additionally, points on these lines are
closer to the surface with the receiver and therefore the resonant wave gets less attenuated.
This result, favors the use of in plane polarized incident waves, as they generate higher
resonant amplitudes in the region with a < 2.5.
Finally, a simulation for a circular shaped volume with increased nonlinearity was done.
It was shown, that for the compensation of the dependence of the acoustic nonlinearity
parameter βrel on the mixing condition, a priori knowledge about the TOE of an intact
specimen of the same material composition or multiple measurements of intact regions are
needed.
5.2 Outlook
For future work, insights through crack and damage modeling and its influence on nonlin-
earity is an important research field. The development of analytical models investigating a
relationship between TOE l,m, n and damage parameters like crack density and size would
be of interest for damage assessment. Additionally, the influence of cracks filled with gel
produced by alcali-silica reaction (ASR) on the nonlinearity could be further investigated.
Furthermore, recent models for forces acting on crack surfaces could be extended to the
application of shear stresses.
Concerning the herein presented measurement technique, further advances in hardware
development and practical measurements with the proposed setup have to be conducted.
Especially, advances in the array technology in the NDE field could lead to broader ap-
plication of the hardware. Development of phased array antennae controllers using wave
generators in combination with PLL circuits would lead to better performance and control
to conduct measurements.
Different approaches for the modeling of the interaction volume can lead to more pre-
cise simulation. Thereby, the results for combination of the beam steering delay law with
beam focusing can be predicted. Thus, potentially enabling an improvement in the scanning
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resolution and intensity of the measured signal.
Another topic is the optimization of the hardware design of the phased arrays for the
presented setup. Multiple parameters can be adjusted to fit for the application with different
materials, e.g., metal inspection.
Section 4.4 discussed the approximate compensation for the dependency of βrel on
a through the TOE. Better compensation algorithms using the a priori knowledge could
be developed. Computer vision techniques could be used to better identify regions with
increased nonlinearity , e.g., a water shed algorithm for segmentation or a canny edge
detector. Based on the size and density of these regions, machine learning algorithms
could be employed to predict the lifetime and detect dangerous micro-structural damage in
advance. Furthermore, the zero amplitude point for in plane polarized shear waves can be
used for calibration purposes. For example, a gradient free optimization algorithm could
be used to change the beam angles until a minimum is found and this information can be
used for the calculation of material parameters or as a baseline calibration.
Finally, other types of mixing interactions should be analyzed, in order to evaluate their
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